Abstract. We study join-meet ideals associated with modular non-distributive lattices. We give a lower bound for the regularity and show that they are not linearly related.
Introduction
Let L be a finite lattice and K[L] = {x a : a ∈ L} be the polynomial ring over the field K. The ideal
is called the join-meet ideal associated with L.
It was proved in [15] that I L is a prime ideal if and only if L is a distributive lattice.
In this case, the ring R[L] = K[L]/I
L is a normal Cohen-Macaulay domain; see [15] . In literature, the ring R[L] is known as the Hibi ring of the distributive lattice L. Hibi rings and the corresponding varieties appear naturally in different combinatorial, algebraic, and geometric contexts; see [2, 3, 8, 10, 15, 16, 17, 18, 20, 21, 26] .
The starting point of this work was the question whether there exists non-distributive lattices L such that I L has a linear resolution. If L is distributive, by Birkhoff's theorem [1] , it follows that L is the lattice of poset ideals I(P ) of the poset P consisting of the join-irreducible elements of L. It was proved in [12] that I L has a linear resolution if and only if L = I(P ) where P is the sum of a chain with an isolated element. This result has been recovered in a later paper [9] where it was proved that reg I L = |P | − rank P.
In this paper we consider join-meet ideals of finite modular lattices. We recall that a finite lattice L is modular if it does not contain any sublattice isomorphic to the pentagon lattice of Figure 1 . For basic properties of lattices, like distributivity and modularity, we refer the reader to the monographs [1] and [24] .
Every modular lattice L possesses a rank function with the property that
If L is a modular lattice, then L is not distributive if and only if it contains a sublattice isomorphic to the diamond lattice of Figure 2 .
By [11, Lemma 1.2], a modular lattice contains a diamond sublattice
This result leads to considering diamond-type lattices with an arbitrary number of elements, say y 1 , . . . , y n in between the maximal and
• a Figure 2 . Diamond lattice the minimal elements. We denote such a lattice by D n+2 . In Section 1 we study the join-meet ideal of D n+2. We show that this ideal is Gorenstein (Theorem 1.6). Moreover, we compute its regularity (Proposition 1.4) and show that it is not linearly related (Proposition 1.8). An equigenerated graded ideal I in a polynomial ring S is called linearly related if it has linear relations.
In Section 2, we show that if L is a modular non-distributive lattice and 
However, classifying all the distributive lattices whose join-meet ideal is linearly related remains open.
Acknowledgement
We thank Mateusz Micha lek for drawing our attention to the paper [23] and Florin Ambro for valuable discussions. We gratefully acknowledge the use of the Singular software [13] for computer experiments.
Diamond lattice D n+2
Let us consider the diamond lattice D n+2 , n ≥ 3, with elements x > y 1 , . . . , y n > z. In Figure 3 , we displayed the diamond lattice D 7 .
Let K be a field. The join-meet ideal associated to the diamond lattice is
We denote it simply by I and, also, we denote S = K[x, y 1 , . . . , y n , z] the ring of polynomials in n + 2 indeterminates over K. We consider the following order of the 
Proof. We apply the Buchberger's Algorithm. Obviously, G generates I. Straightforward calculation shows that all the S-polynomials reduce to 0 with respect to G, thus G is a Gröbner basis of I. Moreover, G is obviously reduced.
Corollary 1.2. The initial ideal of I with respect to the reverse lexicographic order is
in < (I) = (y i y j , xy k z, xy 2 n z : 1 ≤ i < j ≤ n, 1 ≤ k ≤ n − 1).
Proposition 1.3. The Hilbert series of S/I and S/ in < (I) is
Proof. It is well known that S/I and S/ in < (I) have the same Hilbert series; see, for example, [14, Corollary 6.1.5]. In order to compute the Hilbert series of S/ in < (I), we consider the following exact sequence:
where the first non-zero map is the multiplication by xz. Then 
On the other hand,
which implies that
Proposition 1.4. (i)
The ideals I and in < (I) are Cohen-Macaulay of dimension 2.
(ii) We have reg(S/I) = reg(S/ in < (I)) = 3.. (iii) We have β n,n+3 (S/I) = β n,n+3 (S/ in < (I)) = 1.
Proof. (i).
The formula of the Hilbert series of S/I from Proposition 1.3 shows that dim(S/I) = dim(S/ in < (I)) = 2. By [14, Corollary 3.3.5] , it is enough to show that S/ in < (I) is Cohen-Macaulay. But this follows easily from the exact sequence (1) since the ends are Cohen-Macaulay of dimension 2, therefore the middle term is also Cohen-Macaulay. Indeed, the left end in (1) is even a complete intersection, while the right end is the tensor product from (2) where the second factor is obviously Cohen-Macaulay and the first factor is the Stanley-Reisner ring of the simplicial complex whose facets are {y 1 }, . . . , {y n } which is Cohen-Macaulay.
(ii). Standard arguments for Cohen-Macaulay algebras show that reg(S/I) = reg(S/ in < (I)) = 3 since the degree of the numerator of the Hilbert series of S/I is equal to 3; for more explanation on how to compute the regularity of a standard graded algebra see, for example, [5, Subsection 3.1] .
(iii). The highest shift in the resolutions of S/I and S/ in < (I) appears in homological degree n and β n,n+3 (S/I) = β n,n+3 (S/ in < (I)) = 1 since the leading coefficient in the numerator of the Hilbert series is equal to 1; see the discussion in [7, Section 1]. Remark 1.5. One may easily observe that in < (I) has linear quotients if we order its minimal generators as follows: y 1 y 3 , . . . , y 1 y n , y 2 y 3 , . . . , y 2 y n , . . . , y n−1 y n , xy 1 z, xy 2 z, . . . , xy n−1 z, xy In what follows, we will exploit only that β n,n+1 (S/ in < (I)) = 0. Indeed, by [14, Exercise 8.8], we have
where f 1 , . . . , f m are the generators of in < (I) with m = n(n+1)/2 and, for each k, r k denotes the number of variables which generate the ideal quotient (f 1 , . . . , f k−1 ) : f k . Then, for i = n − 1 and j = 2, we get
One easily sees that, for every k with deg f k = 2, the ideal quotient (f 1 , . . . , f k−1 ) : f k is generated by at most n − 2 variables, therefore β n,n+1 (S/ in < (I)) = 0. Note that, by using similar arguments, we get
Theorem 1.6. The ideal I is Gorenstein.
Proof. In order to prove that
S I
is a Gorenstein ring, we only need to show that β n,n+1 (S/I) = β n,n+2 (S/I) = 0, since, by Proposition 1.4, we already know that β n,n+3 (S/I) = 1. By Remark 1.5, we have β n,n+1 (S/ in < (I)) = 0. Since β n,n+1 (S/I) ≤ β n,n+1 (S/ in < (I)), we get the desired conclusion for β n,n+1 (S/I).
Therefore, it remains to show that β n,n+2 (S/I) = 0. Let J = I : z. Let us consider the following exact sequence of graded S-modules: By applying Depth Lemma in (3), it follows that S/J is Cohen-Macaulay of dim(S/J) = 2, thus proj dim(S/I) = proj dim(S/J) = n.
We know that S/I is Cohen-Macaulay of dim(S/I) = 2 by Proposition 1.4. On the other hand, S/(I, z)
From the exact sequence (3), we get the following exact Tor-sequence: 
If we change the order of variables to z > y 1 > ... > y n > x, the Gröbner basis for J does not change. We can consider the following exact sequence:
From (4), we get the exact sequence Remark 1.7. We have seen in the above theorem that S/I is a Gorenstein algebra. By Proposition 1.3, the degree of the numerator of the Hilbert series is 3 and the initial degree of I is 2, thus the algebra S/I is a nearly extremal Gorenstein algebra in the sense of [19] .
Note that Tor
A homogeneous ideal I in a polynomial ring R which is generated in degree d is called linearly related if its syzygy module is generated by linear relations. In other words, I is linearly related if β 1j (I) = β 2j (R/I) = 0 if j ≥ d+2. The next proposition shows that the join-meet ideal of the diamond lattice D n+2 is not linearly related for every n ≥ 3.
Proof. We have seen in the proof of Theorem 1.6 that the ideal I : xz = (I : z) : x = J : x is generated by the regular sequence y 1 − y n , y 2 − y n , . . . , y n−1 − y n , y ,
is also an exact sequence. Therefore, we get
On the other hand, we have
Consequently, n 2 = 1, thus, n = 2, a contradiction.
2.
A lower bound for the regularity of the join-meet ideal of a modular non-distributive lattice
Let L be a finite modular and non-distributive lattice and
We may assume that L ′ has the elements x > y 1 , . . . , y n > z with rank z = q, rank x = q + 2, rank y 1 = rank y 2 = · · · = rank y n = q + 1, for some q ≥ 0, and that L ′ is maximal in the sense that there is no other element u ∈ L \ {y 1 , . . . , y n } such that z, u, x is a chain in L. We set S ′ = K[x, y 1 , . . . , y n , z] and consider the K-algebras R = S/I L and R ′ = S ′ /I L ′ . Let us recall that, given the graded K-algebras R ′ ⊂ R, R ′ is an algebra retract of R if there exists a surjective homomorphism of graded algebras ε : R → R ′ such that the restriction of ε to R ′ is the identity of R ′ .
Proposition 2.1. The algebra R
where the sum is taken over a, b ∈ L, incomparable, and g ab ∈ S. We map 
